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Abstract
Mitochondria play an important role in regulation of Ca2+ homeostasis in a cell. Here we present a mathematical model of
mitochondrial ion transport and use this model to analyse different modes of Ca2+ uptake by mitochondria. The model includes
transport of H+, Ca2+, K+, inorganic phosphate and oxidative substrates across the inner mitochondrial membrane harboring
permeability transition pore (PTP). The detailed description of ion ﬂuxes is based on the experimental ion kinetics in isolated
mitochondria. Using the model we show that the kinetics of Ca2+ uptake by mitochondria is regulated by the total amount of Ca2+ in
the system and the rate of Ca2+ infusion. Varying these parameters we ﬁnd three different modes of ion transport. When the total
amount of Ca2+ is below 140 nmol Ca2+/mg protein, all available Ca2+ is accumulated in the matrix without activation of the PTP.
Between 140 and 160 nmol Ca2+/mg protein, accumulation of Ca2+ generates periodic opening and closure of the PTP and oscillations
of ion ﬂuxes. Higher levels of Ca2+ (4160 nmol Ca2+/mg protein) result in a permanently open PTP, membrane depolarization and loss
of small ions from the matrix. We show that in the intermediate range of Ca2+ concentrations the rate of Ca2+ infusion regulates the
PTP state, so that slow Ca2+ infusion does not lead to PTP opening, while fast Ca2+ infusion results in an oscillatory state.
r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Mitochondria are central to cellular physiology and
fulﬁll multiple functions from ATP synthesis to modulation
of intracellular Ca2+, opening of the permeability transition pore (PTP) and release of factors initiating apoptotic
cell death (Bernardi, 1999; Berridge et al., 2003; Duchen,
1999; Kroemer and Martin, 2005; Lemasters et al., 1999;
McCormack and Denton, 1993; Parekh and Putney, 2005;
Rudolf et al., 2004). Within the intracellular milieu,
mitochondria are exposed to a continuously changing
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Ca2+ environment consisting of Ca2+ spikes, Ca2+ sparks
and waves of free Ca2+ (Bowser et al., 2002; Hoth et al.,
2000; Jouaville et al., 1995; Lin et al., 2005; Robb-Gaspers
et al., 1998; Rudolf et al., 2004). It has been speculated that
during a cell lifespan mitochondria could be rendered
dysfunctional due to dangerous levels of accumulated
Ca2+ (Bernardi, 1999; Berridge et al., 2003; Bowser et al.,
2002; Duchen, 1999; Hoth et al., 2000; Lin et al., 2005;
McCormack and Denton, 1993). However, mitochondria
preserve their functions in cells for days, weeks and even
months suggesting the existence of a defensive mechanism
that allows the mitochondria to discharge excessive Ca2+
from the matrix and prevent Ca2+-induced mitochondrial
damage (Berridge et al., 2003; Bowser et al., 2002; Collins
et al., 2002; Robb-Gaspers et al., 1998). Earlier observations showing that isolated mitochondria maintain energydependent ion ﬂux oscillations (Carafoli et al., 1965;
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Chance and Yoshioka, 1966; Evtodienko et al., 1980;
Gooch and Packer, 1974; Graven et al., 1966; Holmuhamedov, 1986) allow us to hypothesize that mitochondrial
oscillations might indeed also occur in vivo. These
speculations have recently been conﬁrmed by observations
of mitochondrial membrane potential oscillations and the
cyclic uptake and release of Ca2+ in mitochondria in vivo
(Buckman and Reynolds, 2001; Fuller and Arriaga, 2003;
Huser and Blatter, 1999; Monteith and Blaustein, 1999).
Although there is a limited number of mathematical
models of mitochondrial Ca2+ homeostasis (Cortassa et
al., 2003; Magnus and Keizer, 1997, 1998; Selivanov et al.,
1998), a mathematical model, that quantitatively describes
the experimental data on the measured ion ﬂuxes during
Ca2+ uptake by mitochondria has not been presented.
Our goal is to build a model of mitochondrial ion
transport that is based on the experimental ion kinetics and
use this model to analyse different modes of Ca2+ uptake
by mitochondria. To achieve this goal we incorporated the
existing approaches to theoretical description of ion ﬂuxes
(Garlid et al., 1989; Magnus and Keizer, 1997) and
modiﬁed them, when it was necessary for the better
correspondence with experimental data (Model description
and Appendix A). We also included into our model the
main important processes, which were not included into the
previous models, such as K+ transport and matrix volume
changes and the binding of matrix Ca2+ by immobile
(matrix phospholipids) and mobile (substrate anions)
buffers. The description of PTP was based on our previous
model (Selivanov et al., 1998) with the following improvements. In our previous model, (Selivanov et al., 1998) we
hypothesized that Ca2+ uptake results in an increase of
matrix pH, which in turn leads to the PTP opening and loss
of a hypothetical activator of mitochondrial respiration.
This leak of the activator results in collapse of matrix pH

and closure of the PTP. In our present model we describe
mitochondrial oscillations without assuming the existence
of a respiration activator that drives the oscillations. The
oscillatory regime in our present model is a consequence of
experimentally shown dependence of PTP on Ca2+ and
mitochondrial membrane potential (Petronilli et al., 1993).
We use our model to investigate possible modes of Ca2+
uptake by mitochondria. We ﬁnd that the modes are
regulated by the amount of applied Ca2+ and by the rate of
Ca2+ infusion. Our description of the mitochondrial
responses to different levels of extra-mitochondrial Ca2+
and to different temporary dynamics of the outside Ca2+
can be useful for the quantitative predictions of mitochondria behavior in a cell. This is the ﬁrst mathematical model
of Ca2+ transport in mitochondria that includes the main
components of mitochondrial ion transport and is in a
good agreement with the existing experimental data.
2. Model description
Ion ﬂuxes across the inner mitochondrial membrane
used in our mathematical model are shown in Fig. 1. The
energy of substrate oxidation in the mitochondrial matrix
is transformed via a respiratory chain into the energy of an
electrochemical gradient of hydrogen ions (DmH) (Mitchell,
1972). The DmH that is stored in the form of electrical (DC)
and concentration (DH) gradients provides the main
driving force for the ion transport in mitochondria (Fig.
1). Our model consists of 5 individual modules (Modules
#1–5 of Appendix A) that describe ﬂuxes of the ions as well
as the status of mitochondrial PTP.
Following is a brief description of the ionic ﬂuxes in our
model, while the detailed mathematical equations of each
ﬂux (Modules #1–5) as well as the complete model are
given in the Appendix A.
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Fig. 1. The diagram of ion ﬂuxes through the inner mitochondrial membrane. The model includes H+ efﬂux through the respiration chain; H+ passive
inﬂux (H+ leak); Ca2+ ﬂuxes through Ca2+ uniport and Ca/2H exchanger; K+ ﬂuxes through K+ uniport and K/H exchanger; inorganic phosphate (P)
ﬂux through P/OH exchanger; substrate anion (A2) ﬂux through dicarboxylic acid exchaner and the ﬂuxes of all ions and Ca2+ complexes with anions
(Ca–A, Ca–P) through open PTP. The model includes H+ and Ca2+ binding with matrix buffers.
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Module # 3. Mitochondrial potassium transport: Mitochondrial K+ transport: K+ uniporter, K+/H+ exchanger
(K/H), and PTP.
Module # 4. Mitochondrial anion transport: Mitochondrial anion transport: phosphate transport via P/OH and
dicarboxylic acid A2 (oxidative substrate) transport by its
exchange with matrix phosphate P2 (Dicarboxylate
exchanger) and anions transport via PTP.

JCa,uni, nmol/min/mg prot.

Jres, nmol O/min/mg prot.

Module # 1. Mitochondrial proton transport: Mitochondria transport protons via: Respiratory chain;
passive ‘‘leak’’ (H+ leak); counter-ﬂuxes of H+ and
Ca2+, K+, and phosphate (P) (Ca/2H, K/H, P/OH);
and PTP.
Module # 2. Mitochondrial calcium transport: Mitochondrial Ca2+ transport: Ca2+ uniporter, Ca2+/2H+ exchanger (Ca/2H) and PTP.
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Fig. 2. Approximation of the experimental kinetics of ion ﬂuxes (panels A–E) and Ca2+ buffering capacity of the matrix (panel F) by model equations,
which are given in Appendix A. Experimental point are shown by symbols and model approximation by lines. (A) Dependence of the respiration rate on
DmH. (B) Dependence of the Ca2+ uniport rate on the membrane potential for three Ca2+ outside concentrations: 0.5, 0.9, 1.55 mM and K uni
m ¼ 6:4 mM.
(C) Dependence of the rate of K+/H+ exchanger on extramitochondrial pH for two K+ outside concentrations: 15 mM (1) and 30 mM (2). (D)
Dependence of the rate of P/OH exchanger on the phosphate outside concentration for pHout ¼ 7.2. (E) Dependence of the PTP opening rate on DC.
Experimental points were taken from (Doussiere et al., 1984; Wingrove et al., 1984; Brierley and Jung, 1990; Ligeti et al., 1985; Petronilli et al., 1993;
Hansford and Castro, 1982) for the panels A–F correspondingly. (F) Dependence of the free matrix Ca2+ on the total matrix Ca2+ content. Model
approximation with Eq. (16) is shown by line.
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Module # 5. Mitochondrial permeability transition pore:
This module describes the regulation of PTP status with
matrix Ca2+, H+ and membrane potential and ﬂuxes of
ions via PTP.
We used the existing theoretical approaches for description of ion ﬂux kinetics (see Appendix A). In some cases we
improved the existing formulae to achieve the best
correspondence of the model with the experimental data
(for Respiratory chain, Ca2+ uniporter, K/H and P/OH
exchangers, PTP). Fig. 2A–E shows that the formulae we
developed describe well the experimental data for the

P

pHin

8.4

8.0

7.6

7.2
0

1

2
time, min

(A)

3

150

Ca2+out

100

measured mitochondrial characteristics. We also included
into the model both ﬁxed and mobile Ca2+ anion buffers in
matrix (Appendix A). The derived dependence of the
matrix free Ca2+ concentration on the total matrix Ca2+
content corresponds well with the experimental data
(Fig. 2F).
The individual ﬂux equations were combined with the
model of ion transport and are described by a system of
ordinary differential equations (ODEs) (Eq. (14), Appendix A). We next compared the model results with the
experimental data on the kinetics of pH and Ca2+ in
isolated mitochondria. Fig. 3A shows, that the model
describes well the measured kinetic of matrix pH after
addition of phosphate into the medium (Jung et al., 1989).
The model simulations of our experiments on Ca2+ uptake
by mitochondria (Holmuhamedov et al., 1999) are shown
on Fig. 3B. These experiments were done in the presence
and in the absence of the PTP inhibitor (cyclosporin A) and
diazoxide. Diazoxide at this high concentration is a
powerful uncoupler (Kowaltowski et al., 2001). To
simulate the diazoxide effects we increased the mitochondrial permeability to H+ (see Fig. 3B). Cyclosporin A
inﬂuence was modeled by switching off PTP opening. As it
is seen from Fig. 3B, our model describes well the kinetics
of Ca2+ uptake with and without opening of PTP.
We used the model to analyse different regimes of Ca2+
uptake by mitochondria (Section 3). Ion concentrations in
the matrix and incubation medium were the variables, while
the total ion content in the mitochondrial matrix and
medium were the parameters of our model. In the
calculations shown in Section 3 we varied the total amount
of Ca2+, while keeping other parameters constant as
described in the ﬁgure legends. The system of ODEs (14)
was analysed using DBSOLVE software (Goryanin et al.,
1999) with LSODA method (Hindmarsh, 1980).
3. Results
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Fig. 3. Comparison of experimental and model pH and Ca2+ kinetics for
isolated mitochondria. (A) Matrix pH changes after an addition of
phosphate (2 mM) into the medium. The medium contained: 100 mM K+,
0 mM phosphate, 4 mM succinate, 0.5 mg prot./ml, pH ¼ 7.2. Phosphate
(P) addition is shown by an arrow. Experimental kinetics (dash line) was
taken from (Jung et al., 1989), model approximation is shown by solid
line. (B) The kinetics of Ca2+ uptake by mitochondria. Experimental
points were taken from (Holmuhamedov et al., 1999). The model results
are shown by lines: 1—without diazoxide, 2—with diazoxide (300 mM) and
cyclosporin A (2 mM), 3—with diazoxide (300 mM) and without cyclosporin A. The values of diazoxide-induced H+ permeability PH, leak was taken
as 140 ml/mg/min. The PTP was considered to be closed in presence of
cyclosporin A. Incubation medium contained: 150 mM Ca2+, 110 mM K+,
5 mM phosphate, 5 mM malate, 1 mg prot./ml, pH ¼ 7.3.

Numerical simulation of our mathematical model
demonstrated the existence of three distinct inter-convertible modes of mitochondrial ion transport. Transitions
between these modes are determined by the status of the
Ca2+-sensitive PTP. The large assortment of ion transport
patterns generated through numerical simulation of the
model is presented below.
3.1. Mitochondrial ion transport at low Ca2+ loading
The kinetics of mitochondrial variables after addition of
100 mM Ca2+ into the mitochondrial suspension is shown
in Fig. 4. The initial phase of Ca2+ uptake was associated
with a rapid increase in matrix Ca2+ (Fig. 4A) and
moderate alkalization of the mitochondrial matrix (Fig.
4B) due to the extrusion of matrix H+ in exchange for
transported Ca2+. Extruded H+ ions are returned into the
matrix via H+-leak, K+/H+ exchanger and co-transport
of H+ with phosphate (Fig. 4B). During Ca2+ uptake, the

ARTICLE IN PRESS
A.V. Pokhilko et al. / Journal of Theoretical Biology 243 (2006) 152–169

156

120
K+ (nmoles/mg protein)

Ca2+ (nmoles/mg protein)

100
80
60
40
20

110

100

90

0
0

1

2

(A)

3
4
Time, min

5

6

7

0

1

2

3
4
Time, min

5

6

7

0

1

2

3
4
Time, min

5

6

7

0

1

2

3
4
Time, min

5

6

7

(D)

8.0
A2- (nmoles/mg protein)

100

pHin

7.9

7.8

7.7

80
60
40
20
0

0

1

2

(B)

3
4
Time, min

5

6

7
(E)

Volume (ml/mg protein)

2.0

∆Ψ, mV

195
190
185
180
175
0
(C)

1

2

3
4
Time, min

5

6

7
(F)

1.6

1.2

Fig. 4. The kinetics of matrix Ca2+ (A), pH (B) and membrane potential (C) following exposure of mitochondria to step-wise jump in Ca2+ concentration
(100 mM). Shown also are the changes in the matrix content of K+ (D), anions A2 (E) and the matrix volume (F). Incubation medium contained: 100 mM
K+, 0.3 mM phosphate (P), 5 mM malate (A2), 1 mg prot./ml, pH ¼ 7.4. At the zero time-point 100 mM Ca2+ was added to suspension and all changes
were calculated using the system of ODEs (14). Initial conditions: DC ¼ 190 mV, pHin ¼ 8, Top ¼ 0, total matrix content of Ca2+ (5 nmol/mg prot.), K+
(120 nmol/mg prot.), phosphate and malate (5 nmol/mg prot. each), NAD+ (2 nmol/mg prot.).

mitochondrial membrane potential undergoes transient
depolarization (Fig. 4C), reﬂecting the initial high rate of
Ca2+ inﬂux, which slowed at later stages due to reduced
extra-mitochondrial Ca2+ concentration (Fig. 4A). The
transient changes in membrane potential and matrix pH
(Fig. 4B and C) are translated into the fall and elevation of
K+ concentrations in the matrix mediated by K+
uniporter and K+/H+ exchanger (Fig. 4D). The steady
accumulation of anions in the mitochondrial matrix
(Fig. 4E) results in mitochondrial swelling and increased
matrix volume (Fig. 4F).
Further analysis of the model shows that at each level of
Ca2+ loading up to 140 nmol Ca2+/mg prot., the model

demonstrated existence of the only stable steady state,
which is characterized by closed PTP and accumulation of
ions in the matrix.
3.2. Mitochondrial ion transport at intermediate Ca2+
loading
Increase in the total Ca2+ loading results in a change of
the mode of mitochondrial ion transport from a steadystate ion uptake into a mode of repetitive uptake and
release of ions by the mitochondria. The typical oscillations
of mitochondrial variables are shown in Fig. 5. These
oscillations appear when the Ca2+ load of mitochondria

ARTICLE IN PRESS
A.V. Pokhilko et al. / Journal of Theoretical Biology 243 (2006) 152–169

120
K+ (nmoles/mg protein)

Ca2+ (nmoles/mg protein)

120
90
60
30
0
1

2

(A)

3
4
Time, min

5

6

100

7

0

1

2

3
4
Time, min

5

6

7

0

1

2

3
4
Time, min

5

6

7

0

1

2

3
4
Time, min

5

6

7

(D)

8.3
A2- (nmoles/mg protein)

100

8.2
pHin

110

90
0

8.1
8.0
7.9

80
60
40
20
0

0

1

2

(B)

3
4
Time, min

5

6

7
(E)

200
Volume (µl/mg protein)

2.0

150
∆Ψ, mV

157

100
50

1.8
1.6
1.4
1.2

0
0
(C)

1

2

3
4
Time, min

5

6

7
(F)

Fig. 5. Numerical simulation of the oscillations of matrix Ca2+ (A), pH (B), membrane potential (C), matrix K+ (D), anions A2 (E) and the matrix
volume (F). At zero time-point mitochondria were exposed to 140 mM Ca2+. Incubation medium and initial conditions are described in Fig. 4 legend.

falls within the range between 140 and 160 nmol Ca2+/mg
prot. The initial Ca2+ uptake followed by membrane
depolarization and alkalization of the matrix promotes
opening of the mitochondrial PTP (Eq. (10), Appendix A)
resulting in an efﬂux and redistribution of ions such as
Ca2+, K+, A2 and an inﬂux of H+.
The efﬂux of Ca2+ and inﬂux of H+ leads to the
changes in their matrix concentrations to a level insufﬁcient to maintain open state of the PTP resulting in the
pore closing (Eq. (10), Appendix A). Closure of the
PTP and restoration of the initial low membrane permeability allows the mitochondrial respiratory chain
to rebuild membrane potential and initiate the next cycle
of energy-dependent Ca2+ uptake, which results in
opening of the PTP and in turn generation of the
oscillations (Fig. 5).

It is important to note that mitochondrial ion transport
at intermediate Ca2+ loading demonstrates co-existence of
two modes of mitochondrial ion transport: (i) oscillation
state and (ii) stable steady state. Depends on the initial ion
concentrations; the mitochondria enter one of the two
states, thus demonstrating the bistable behavior of the
system at intermediate Ca2+ load. As shown in the Section
3.4, the mode of mitochondrial ion transport at these Ca2+
load can be regulated by the rate of Ca2+ infusion into the
medium.
3.3. Mitochondrial ion transport at high Ca2+ loading
Further increase in the Ca2+ loading (above 160 nmol Ca2+/mg prot.) results in a new mode of ion transport,
which is characterized by a permanently open PTP (Fig. 6).
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Fig. 6. Numerical simulation of mitochondrial ion transport upon high Ca
Incubation medium and initial conditions are described in Fig. 4 legend.

loading. At zero time-point mitochondria were exposed to 200 mM Ca2+.

Increase of matrix Ca2+ and pH lead to PTP opening
followed by the efﬂux of Ca2+ and inﬂux of H+ within the
matrix thus creating conditions that should close PTP and
‘‘reseal’’ the inner membrane. However, due to a large
amount of total Ca2+ present in the suspension, the matrix
Ca2+ never drops below the activation threshold of the
PTP, leaving it permanently open. This ‘‘point-of-noreturn’’ for the mitochondrial ion transport under excessive
Ca2+ loading is represented in Fig. 6 by a dashed vertical
line. Model analysis shown, that at all Ca2+ loads above
160 nmol Ca2+/mg prot. mitochondria demonstrate only
one stable steady state with an open PTP.
The analysis of our model is in a good agreement with
earlier experimental observations that the mode of ion
transport is determined by the total Ca2+ loading
(Evtodienko et al., 1980; Holmuhamedov, 1986; Magnus
and Keizer, 1997, 1998; Selivanov et al., 1998). The
dependence of the ion transport mode on the Ca2+ loading
is illustrated in Fig. 7. This diagram shows the steady-state
matrix Ca2+ contents at different Ca2+ loads. Line 1

corresponds to the ‘‘low’’ Ca2+ loads with closed PTP,
dash lines 2 indicate the oscillation range for the
‘‘intermediate’’ Ca loads and line 3 corresponds to the
‘‘high’’ Ca2+ loads with opened PTP.
3.4. Mitochondrial ion transport at Ca2+ loading by infusion
Although the mode of ion transport is determined by the
total Ca2+ load, analysis of the ion ﬂuxes in mitochondria
revealed that the ion transport mode at the intermediate
Ca2+ loads is also dependent on the rate of Ca2+ infusion
into the system.
Throughout this article we have demonstrated the effect
of stepwise increase in matrix Ca2+ concentration in the
incubation medium on mitochondrial ion transport. However, the same level of Ca2+ can be achieved by a
continuous infusion of Ca2+ into the respiring suspension.
Analysis of the ion transport at different rates of Ca2+
infusion demonstrated the existence of a threshold rate,
which differentiates between the steady ion transport mode
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prediction about the dependence of the ion transport mode
on the rate of Ca2+ infusion is consistent with the
experimental data on Ca2+ oscillations in mitochondria
(Holmuhamedov et al., 1995; Ichas et al., 1994).
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Fig. 7. Dependence of the steady-state matrix Ca2+ on the total amount
of Ca2+ loading into the mitochondria. The line 1 corresponds to the
‘‘low’’ Ca2+ loads with closed PTP; the dashed lines 2 indicate the
oscillation range for the ‘‘intermediate’’ Ca2+ loads and the line 3
corresponds to the ‘‘high’’ Ca2+ loads with opened PTP. Incubation
medium is described in Fig. 4 legend.
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Fig. 8. Numerical simulation of the time-course of the matrix Ca2+
concentration obtained at two different rates of Ca2+ infusion. Curves 1
or 2 correspond to the rate of Ca2+ infusion 2 or 8 nmol Ca2+/s/mg prot.,
respectively. Incubation medium and initial conditions are described in
Fig. 4 legend.

and oscillatory mode. The value of this critical infusion
rate depends on Ca2+ load and for those presented in
Fig. 5 the critical rate of Ca2+ infusion is 4.1 nmol/
mg prot./s. If the rate of Ca2+ infusion is below critical, the
PTP remains closed. However, if the rate of Ca2+ infusion
is above the critical, the system enters oscillatory state as
illustrated in Fig. 8. Curve 1 was obtained with the infusion
rate 2 nmol Ca2+/mg/s, when PTP remains closed and all
Ca2+ is accumulated into the matrix; whereas curve 2 was
obtained with the infusion rate 8 nmol Ca2+/mg/s (Fig. 8),
when ion transport enters the oscillatory mode. Our model

Here we present the mathematical model of mitochondrial ion transport, which is based on experimental data on
isolated mitochondria. The model describes the transport
of H+, Ca2+, K+, anions, and the regulation of PTP.
Since our goal was to describe the ion transport processes,
we did not consider the synthesis of ATP in our model. We
predict that depending on the extra-mitochondrial amount
of Ca2+, mitochondria enter one of three modes of Ca2+
transport: 1—Ca2+ accumulation (low Ca2+ load, Fig. 4),
2—Ca2+ oscillation (intermediate Ca2+ load, Fig. 5) and
3—Ca2+ release (high Ca2+ load, Fig. 6). These modes are
characterized by different state of PTP: closed, periodically
opened and permanently opened. Further analysis also
demonstrated that, at a level of intermediate Ca2+ loading,
the rate of Ca2+ infusion into the mitochondrial suspension determines the mode of ion transport (Fig. 8). Our
model predicts the existence of a critical rate of Ca2+
infusion, above which the steady state is replaced by the
oscillatory state (Fig. 8). The mechanistic explanation of
this observation is that the faster rates of Ca2+ loading
decrease the membrane potential, thus promoting the
opening of PTP. This result agrees well with experimental
data on isolated rat liver mitochondria exposed to Sr2+
(Ca2+) ions (Holmuhamedov et al., 1995).
It is interesting to consider possible implications of our
results in the cellular context. Mitochondria are known to
be active participants in Ca2+ cellular hemostasis. However, for a long time it was not clear, how low-afﬁnity Ca2+
uniporter can result in fast Ca2+ accumulation by
mitochondria from the bulk cytoplasm, which contains
only several mM of free Ca2+ (Rizzuto and Pozzan, 2006;
Herrington et al., 1996; Hoth et al., 1997). Modern data
clearly demonstrate that Ca2+ uptake by mitochondria is
highly spatially in-homogeneous. Although mitochondria
can slowly accumulate Ca2+ from bulk cytoplasm, the
efﬁcient accumulation of Ca2+ occurs only in microdomains of high Ca2+ (see Rizzuto and Pozzan, 2006 for
review). Local Ca2+ concentration measured in these
microdomains reaches the level of several hundred mM
(Rizzuto and Pozzan, 2006), which is comparable with the
Ca2+ concentrations used in the experiments on isolated
mitochondria. These high Ca2+ concentrations can provide fast Ca2+ accumulation by mitochondria through the
Ca2+ uniporter. It was shown that Ca2+, which ﬁrst is
absorbed by mitochondria at discrete number of sites then
rapidly diffuses through the mitochondrial network (Rizzuto and Pozzan, 2006). This diffusion disperses Ca2+
concentration in mitochondria, so that under normal
condition mitochondria can accumulate large amount of
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Ca2+ without the opening of PTP and subsequent drop of
mitochondrial membrane potential (Eriksson et al., 1999).
Mitochondrial Ca2+ buffer is another important factor,
which allows mitochondria to retain high amounts of Ca2+
without signiﬁcant rise in the matrix free Ca2+ concentration. In our model we took into consideration a very large
Ca2+ buffering capacity of mitochondria that allows them
to accumulate Ca2+ to the level sufﬁcient for activation of
matrix enzymes, but below PTP activation level (Coll et al.,
1982). The model simulations show that mitochondria can
accumulate up to 140 nmol Ca2+/mg protein without the
opening of PTP, which corresponds to normal physiological conditions in a cell in the microdomains zone (the low
Ca2+ mode in our model). However, under conditions of
higher Ca2+ loading, the Ca2+ buffer capacity of the
matrix becomes exhausted and favors the PTP opening,
which corresponds to the Ca2+ overloading conditions
in a cell.
The role of mitochondria in the total and complex
oscillatory Ca2+ dynamics in a cell was considered in a
number of mathematical models (Falcke et al., 1999; Marhl
et al., 2000; Meyer and Stryer, 1988). It was shown (Marhl
et al., 2000) that fast Ca2+ uptake and slow Ca2+ release
by mitochondria allows to describe well the experimental
data on the Ca2+ dynamics in a cell under conditions,
which are not accompanied by drop in mitochondrial
membrane potential as a result of opening PTP (Eriksson
et al., 1999). However, under conditions of Ca2+ overloading and oxidative stress, some mitochondria demonstrate oscillations of membrane potential and Ca2+
concentration, which result from short-term opening of
PTP (Huser and Blatter, 1999; Monteith and Blaustein,
1999). Possibly, this depolarization of mitochondrial
membrane ﬁrst occurs in Ca2+ microdomains and then
spreads along the mitochondrial network. Our model
describes this experimental phenomenon of mitochondrial

PTP oscillations under conditions, when the extra-mitochondrial Ca2+ rises above the critical level. In vivo these
oscillations can save Ca2+—overloaded mitochondria
from the permanent PTP opening, allowing the excessive
extra-mitochondria Ca2+ to diffuse into the cytoplasm.
Our simulations show, that mitochondrial ion transport
modes depend not only on the cytoplasmic Ca2+ level, but
also on the rate of Ca2+ inﬂux into the system.
The incorporation of our mathematical model of
mitochondrial Ca2+ transport into the general model of
Ca2+ cellular hemostasis can help to describe the complex
spatial Ca2+ dynamics in a cell under conditions favoring
the PTP opening, such as ischemia, Ca2+ overloading and
oxidative stress.
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Appendix A
The model consisted of ﬁve blocks, describing the
kinetics of the H+, Ca2+, K+, P, A2 ion ﬂuxes and
the status of the PTP with the constants of the model given
in Table 1.

Table 1
Constants of the model
Constant

Value

References

8
5.37  1015
1.2  1013
3.41  1013
0.17
1.42
12
105
21.6
0.64
100

Magnus and Keizer (1997)
Magnus and Keizer (1997)
Magnus and Keizer (1997)
Magnus and Keizer (1997)
Magnus and Keizer (1997)
Magnus and Keizer (1997)
Magnus and Keizer (1997)
Kauffman and Lardy (1980)
Doussiere et al. (1984)
Doussiere et al. (1984)
Erecinska and Wilson (1982)

1
0.39

Brown and Brand (1986)
Brown and Brand (1986)

+

Module#1. H transport
Respiration-driven outward H+ ejection
Matrix NADHt+NADt (nmol/mg prot.)
K2
K3
K4
K5
K6
H+/NADH ratio
kH
m (mM)
K1 (nmol/min/mg prot.)
g
KNADH (ml/min/mg prot.)
Back-ﬂow of extruded H+ ions
b
PH,leak (ml/min/mg prot.)
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Table 1 (continued )
Constant

Value

References

50
3  105
0.039

Mitchell and Moyle (1969)
Mitchell and Moyle (1969)
Magnus and Keizer (1997)

38.5
0.07
13
124

Gunter and Pfeiffer (1990), Evtodienko et al. (1980)
Gunter and Pfeiffer (1990)
Wingrove et al. (1984)
Wingrove et al. (1984)

Ca2+ efﬂux
V CaH
max (nmol/min/mg prot.)
(mM)
kCaH
m

1.2
0.0084

Wingrove and Gunter (1986)
Wingrove and Gunter (1986)

Intramitochondrial Ca2+ binding
kCaPL
(mM)
d
PLt0 (nmol/mg prot.)
kCaA
(mM)
d
(mM)
kCaP
d

0.023
40
3
3

Scarpa and Azzi (1968)
Scarpa and Azzi (1968)
Martell (1964)
Martell (1964)

0.03
0.25

Kowaltowski et al. (2001), Belyaeva and Wojtczak (1994)
Paucek et al. (1992)

K+ efﬂux
V KH
max (nmol/min/mg prot)
KK (mM)
KH (mM)

600
40
1  105

Brierley and Jung (1990)
Brierley and Jung (1990)
Brierley and Jung (1990)

Module#4. Anion transport
Electroneutral P/OH exchanger
KP (mM)
KOH (mM)
V POH
max (nmol/min/mg prot.)

1
2  104
21 000

Ligeti et al. (1985)
Ligeti et al. (1985)
Ligeti et al. (1985), Ataullakhanov et al. (1978)

P dissociation
kPd (mM)

6  105

Martell (1964)

Transport of oxidative substrates
V dic
max (nmol/min/mg prot.)
K dic
P (mM)
KA (mM)

21,000
1.4
0.5

Indiveri et al. (1989), Ligeti et al. (1985)
Tyler and Sutton (1984)
Tyler and Sutton (1984)

Module#5. PTP
(mM)
kPTP
m
C0 (mV)
C1 (mV)
kop (min1)
kcl (min1)
C2 (mV)
PcPTP (ml/min/mg prot.)
PaPTP (ml/min/mg prot.)
PnPTP (ml/min/mg prot.)

3.2  105
110
20
2
100
70
3
30
100

Szabo et al. (1992)
Petronilli et al. (1993)
Petronilli et al. (1993)
Evtodienko et al. (1980)
Evtodienko et al. (1980)
Evtodienko et al. (1980)
Evtodienko et al. (1980)
Evtodienko et al. (1980)
Evtodienko et al. (1980)

Membrane potential and matrix volume
Cmito (nmol/mV/mg prot.)
v0 (ml/mg prot.)
S0 (nmol/mg prot.)
F (mOsm/l)

1.45  103
0.28
87
275

Magnus and Keizer (1997)
Beavis et al. (1985)
Beavis et al. (1985)
Beavis et al. (1985)

pH-buffering capacity of the mitochondrial matrix
BH (nmol/mg prot.)
K bH (mM)
F/RT
Module#2. Ca2+ transport
Ca2+ uptake
Puni (nmol/min/mg prot.)
K uni
m (mM)
C0 uni (mV)
C1 uni (mV)

Module#3. K+ transport
K uptake
PK (ml/min/mg prot.)
bK
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A.1. Module #1. Mitochondrial proton transport
A.1.1. Respiration-driven outward H+ ejection
We adopted an approach developed by Keizer and
colleagues (Magnus and Keizer, 1997; Magnus and Keizer,
1998; Pietrobon and Caplan, 1985) for the description of
NADH-dependent H+ pumps (Bernardi, 1999; Duchen,
1999). Since the accumulation of large amounts of Ca2+
within the mitochondria is associated with signiﬁcant
changes in the matrix pH (Chance, 1965; Nicholls and
Akerman, 1982), we took into account the inhibition of the
H+ pump activity by matrix H+ (Chance, 1965; Kauffman
and Lardy, 1980; Nicholls and Akerman, 1982). Ejection of
H+ was considered to be proportional to the rate of
NADH oxidation (Holzhutter et al., 1985; Magnus and
Keizer, 1997; Magnus and Keizer, 1998) and the rate of
NADH replenishment (JNADH) was deﬁned as JNADH ¼ KNADH NAD, where NAD is the NAD+ concentration in
the matrix and KNADH is the equilibrium constant of the
matrix NADH-dehydrogenase deﬁned from the experimental observation of the NADH/NAD ratio in the state 4
(Erecinska and Wilson, 1982; Magnus and Keizer, 1997;
Magnus and Keizer, 1998). The resulting equation for the
rate of respiration-driven ejection of H+ ions from the
matrix is given as follows:

J H;res

A.1.3. Mitochondrial matrix pH
For accurate description of the matrix H+ concentration
we took into account binding of matrix H+ to the matrix
buffer B (Mitchell and Moyle, 1969). From the binding
reaction B þ H þ 3BH we describe the free matrix H+
concentration as a function of total proton content (Ht):
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H t  BH  K bH v þ ðH t  BH  K bH vÞ2 þ 4K bH vH t
,
Hþ ¼
2v
(3)
where BH is the total amount of H+ binding sites in the
matrix, and K bH is the dissociation constant. This equation
with the constants given in Table 1 provides good
approximation of experimental data on the matrix pH
buffering capacity (Mitchell and Moyle, 1969).
A.2. Module#2. Mitochondrial calcium transport
A.2.1. Ca2+ uptake
Goldman’s approximation of the constant electrical ﬁeld
has been frequently used to describe Ca2+ uptake via a
mitochondrial Ca2+ uniporter (Magnus and Keizer, 1997,
1998; Selivanov et al., 1998). However, a ﬁt of the available
experimental data by Goldman’s equation required a

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K 2 NADH
Hþ
NAD  expðg6F DmH=RTÞ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ h
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃi
¼ K1
.
H
þ
NADH
H
þ
k
m
þ
K
þ
K
expðg6F
DmHRTÞ
K 3 þ K 4 NADH
5
6
NAD
NAD

Fig. 2A shows, that the formula (1) give good
approximation of the dependence of the rate of oxygen
consumption on DmH (Doussiere et al., 1984), with
constants K1 and g given in Table 1.

A.1.2. Back-flow of extruded H+ ions
Protons tend to reenter the matrix via passive ‘‘leak’’ in
the membrane that dissipates the energy of DmH. This
back-ﬂow of H+ (JH,leak) has exponential dependence on
the membrane potential (Brown and Brand, 1986). In our
model we used Eyring approximation for the H+ inﬂux
(Brown and Brand, 1986; Garlid et al., 1989):
J H;leak ¼ PH;leak ðH out expðbF DC=RTÞ
 H in expðð1  bÞF DC=RTÞ,

ð2Þ

where Hout, Hin are extra- and intra-mitochondrial H+
concentrations, and R, T, and F maintain their usual
meaning. PH, leak is a permeability of the mitochondrial
membrane for H+. The values of PH, leak and b were
deﬁned from a ﬁtting of the experimental data (Brown and
Brand, 1986) to the Eq. (2) and given in Table 1.

(1)

modiﬁcation of the equation and postulation of a
(–90 mV) negative shift within the pore of the uniporter (Magnus and Keizer, 1997, 1998; Wingrove
et al., 1984). Here, we excluded this negative shift that
failed to accurately predict any steady-state distribution of Ca2+ ions across the membrane (Gunter and
Pfeiffer, 1990). We used a non-modiﬁed Goldman
approximation to describe Ca2+ ﬂuxes through the
uniporter (Juni):
J uni ¼ PðCaout ; DCÞ2F DC=RT
ðCaout  Cain expð2F DC=RTÞÞ
,

ð1  expð2F DC=RTÞÞ

ð4Þ

where Juni is the Ca2+ ﬂux via a uniporter, P(Caout, DC) is
the permeability of the uniporter, and Caout and Cain
are the extra and intra-mitochondrial free Ca2+ concentrations. The permeability of the uniporter P(Caout, DC)
is a function of the mitochondrial membrane potential
(Kapus et al., 1991) and the extra-mitochondrial Ca2+
(Gunter and Pfeiffer, 1990), which can be approximated as
follows:
PðCaout ; DCÞ ¼ f ðCaout ÞgðDCÞ.

(4a)
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The expression for f(Caout) was obtained using sigmoid
dependence of the initial rate of Ca2+ uptake on the Caout
(Magnus and Keizer, 1997; Gunter and Pfeiffer, 1990).
Taking into account the negligible value of the exponential
term in Goldman equation for Juni (DC4100 mV), f(Caout)
can be expressed as follows:
2
f ðCaout Þ ¼ Puni Caout =½ðCaout Þ2 þ ðK uni
m Þ ,

(4b)

where Puni is the maximum permeability of the Ca2+
uniporter and K uni
is a Michaelis’s constant for the
m
uniporter. For numerical simulation of Ca2+ ﬂuxes in the
mitochondria we used the following values for
Km ¼ 0.07 mM and Puni ¼ 38.5 nmol/min/mg prot., which
match the initial rate of Ca2+ uptake in experiments on the
Ca2+ oscillations in mitochondria (Evtodienko et al.,
1980).
The function (g(DC)) was approximated as follows:
3
uni 3
uni 3
gðDCÞ ¼ ðDC  Cuni
0 Þ =½ðC1 Þ þ ðDC  C0 Þ ,

(4c)

where the constants C0 and C1 were determined from the
experimental data (Wingrove et al., 1984) on the dependence of the uniporter rate on the membrane potential
uni
(Cuni
0 ¼ 13 mV, C1 ¼ 124 mV). Fig. 2B shows that with
these constants the model describes well the experimentally
observed dependence of the rate of the Ca2+ uniporter on
the membrane potential.
A.2.2. Ca2+ efflux
Accumulated Ca2+ may be released from mitochondria
either upon membrane depolarization and reversal of the
Ca2+ uniporter, or through an electro-neutral exchange
pathway, such as Ca/2Na or Ca/2H (Bernardi, 1999;
Duchen, 1999; Gunter et al., 2004; Wingrove et al., 1984).
Since the mitochondrial ion ﬂux oscillations were observed
in a nominally Na+ free medium (Graven et al., 1966),
here(Evtodienko et al., 1980; Gooch and Packer, 1974;
Holmuhamedov, 1986; Tashmukhamedov and Gagel’gans,
1970) we considered an electro-neutral Ca/2H exchanger
as the main electro-nutral efﬂux of Ca2+, which is correct
for mitochondria from some tissues like heart tissue
(Wingrove and Gunter, 1986). As shown our preliminary
calculations, the observed three modes of Ca2+ uptake also
exist in the model with Ca/2Na exchanger (described
by the equation deﬁned in Magnus and Keizer (1997)),
which is the main channel of Ca2+ efﬂux for liver tissue
(Wingrove and Gunter, 1986). For the description of
Ca2+ efﬂux through the Ca2+/2H+ exchanger (JCaH) we
used an empirical equation as given in (Wingrove and
Gunter, 1986)
J CaH ¼ V CaH
max

2þ 2

ðCa Þ
,
2
þ ðkCaH
m Þ

ðCa2þ Þ2

(5)

where Ca2+ is concentration of free Ca2+ in matrix, and
CaH
2þ
V CaH
¼ 0:0084 mM
max ¼1:2 nmol Ca =min=mg prot: and k m
are taken from (Coll et al., 1982; Wingrove and Gunter, 1986).
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An additional pathway for Ca2+ efﬂux is provided by the
opening of the PTP (Bernardi, 1999) (Module #5).
A.2.3. Intramitochondrial Ca2+ binding
Mitochondria can accumulate extremely large amounts
of Ca2+ (Nicholls and Akerman, 1982), that binds to the
matrix buffers, which are the membrane phospholipids
(Reynafarje and Lehninger, 1969; Scarpa and Azzi, 1968)
and anions of phosphate and oxidative substrates (Azzone
et al., 1977; Reynafarje and Lehninger, 1969; Scarpa and
Azzi, 1968). In system (12) below, we included these
binding reactions and derived the Eq. (16) for the free
matrix Ca2+ concentration.
A.3. Module #3. Mitochondrial potassium transport
A.3.1. K+ channel (K+ uniporter)
Available data suggests that K+ inﬂux, like that of
Ca2+, is driven by its electrophoretic uptake (Diwan and
Tedeschi, 1975; Duchen, 1999; Jung et al., 1977). The
dependence of the K+ ﬂux on the membrane potential
could be approximated by Eiring’s equation as was
demonstrated in (Paucek et al., 1992):
J K ¼ PK ð½K þ o expðbK F DC=RTÞ  ½K þ i
 expðð1  bK ÞF DC=RTÞ,
+

ð6Þ
+

where PK is the membrane K permeability; and [K ]o and
[K+]i are extra- and intra-mitochondrial concentrations of
K+; bK ¼ 0.25 (Paucek et al., 1992). The PK value of
PK ¼ 0.03 ml/min/mg prot. accounts for the measured K+
inﬂux (30 nmol K+/min/mg prot.) at high extra-mitochondrial K+ concentration (Belyaeva and Wojtczak, 1994;
Kowaltowski et al., 2001).
A.3.2. K/H exchanger
The ﬂuxes of K+ ions in mitochondria are best
explained in terms of regulated interplay between the
activity of a K+ uniporter and a K/H exchanger
(Chavez et al., 1977). We adopted the mechanism
of the K/H exchanger described in (Chizmadzhev and
Markin, 1974) as shown in Fig. 9. Here Ti, To, THi, THo,
TKi and TKo are concentrations of the free and
bound forms of the transporter at inner and outer
sides of the membrane respectively (Chizmadzhev and
Markin, 1974). KH and KK are the dissociation constants
for complexes between the transporter and the H+ and
K+, respectively. k is the rate of apparent diffusion of
transporter across the membrane. The K/H ﬂux is
expressed as
J KH ¼ kðTK i  TK o Þ.

(6a)

We assume that the rate of complex formation on both
sides of the membrane is much faster then the diffusion of
neutral complexes across the membrane, which allows us to
express TKi and TKo:
TK i ¼ AKi T tot
i ;

TK o ¼ AKo T tot
o ,

(6b)
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A.4. Module #4. Mitochondrial anion transport
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Fig. 9. The diagram of ion ﬂuxes involved in electroneutral K+/H+
exchange across the membrane according (Chizmadzhev and Markin,
1974).

A.4.1. Electro-neutral P/OH exchanger
Inorganic phosphate enters the mitochondria via P/OH
exchanger (Ligeti et al., 1985; Tyler and Sutton, 1984). The
phosphate molecules are present in the form of mono (P)
and double (P2) charged anions (Martell, 1964), and
equilibrium in reactions occurring in the matrix and in the
medium is determined by the pH of the matrix and medium
correspondingly to dissociation reaction: P3P2+H+.
Assuming that P/OH exchanger is catalysed by the
mechanism similar to that for K/H exchanger (Module
#3), the following equation was developed for the rate of
P uptake by mitochondria:


POH ðAOHo þ APo ÞðAOHi þ AOHo Þ
J POH ¼ V max
 AOHo ;
AOHo þ APo þ AOHi þ APi
½OH  i
;
AOHi ¼

K OH þ K OHK½P i þ ½OH  i
P

AOHo ¼
where the notations in Eq. 6(b) are deﬁned as follows:
APi ¼
APo ¼

tot
T total ¼ T tot
i þ To ;

T total ðAKo þ AHo Þ
;
AKo þ AHo þ AKi þ AHi
½K þ i
¼
;
þ
K K þ K KK½H i þ ½K þ i

T tot
i ¼

H

AKo ¼
AHi ¼

½K þ o
þ
o
H

K K þ K KK½H

½H þ i
K H þ K HK½K

þ
i

K

AHo ¼

;

þ ½K þ o
þ ½H þ i

;

½H þ o
þ
o

K H þ K HK½KK

þ ½H þ o

.

Combining Eqs. (6a) and (6b) allows us to express the
rate of electroneutral H+/K+ exchange across the mitochondrial inner membrane as
J KH ¼ V KH
max




ðAKo þ AHo Þ  ðAKi þ AKo Þ
 AKo ,
AKo þ AHo þ AKi þ AHi

K OH þ K OHK½P
P

T tot
i ¼ T i þ TH i þ TK i ;
T tot
o ¼ T o þ TH o þ TK o ;

AKi

½OH  o

(7)

where [K+]o, [K+]i, [H+]o, [H+]i, are internal ‘‘i’’ and
external ‘‘o’’ concentrations of K+ and H+ ions, respec+
+
tively. V KH
exchange
max is the maximum rate of H /K
+
that equals to 600 nmol H /min/mg prot., while
KK ¼ 40 mM and KH ¼ 1  105 mM. Fig. 2C shows that
with these constants the model describes well the experimentally observed dependence of the rate of the H+/K+
exchanger on the matrix pH and [K+]o (Brierley and
Jung, 1990).

KP þ
KP þ



o

þ ½OH  o

½P i
;
K P ½OH  i
þ ½P i
K OH
½P o
;
K P ½OH  o
þ ½P o
K OH

;

ð8Þ

where [P]o, [P]i, [OH]o, [OH]i, are internal ‘‘i’’ and
external ‘‘o’’ concentrations of P and OH ions in
mitochondria, respectively. The dissociation constants
KP, KOH of the transporter and P and OH are
KP ¼ 1 mM, KOH ¼ 0.2 mM, and the maximum rate of P/
OH exchanger is V POH
max ¼ 7 mmol=min=mg prot. The kinetic characteristics of the exchanger were deﬁned from the
experimental data on the kinetics of P transport in
mitochondria incubated at 22 1C (Ligeti et al., 1985) (Fig.
2D). Phosphate ﬂux through a membrane is temperaturedependent and its rate is sharply increasing upon the
change in temperature from 22 to 37 1C (Ataullakhanov et
al., 1978), resulting in increase of V POH
max to 21 mmoles/min/
mg prot. for experiments conducted at 37 1C.
A.4.2. Transport of oxidative substrates
Oxidative substrates enter the mitochondria either
through specialized exchangers, which exchange of extramitochondrial species for matrix counter-ions, and/or by
simple diffusion of the neutral molecules across the inner
membrane (Tyler and Sutton, 1984). An estimate for a
diffusion-mediated inﬂux of 5 mM malate (pK1 ¼ 3.5,
pK2 ¼ 5.1, pHout ¼ 7.4 (Martell, 1964)) into the mitochondria, with a surface area of S30 cm2/mg prot. (Azzone
and Massari, 1973) gives the value of o1 nmol malate/min/
mg prot. (Stein, 1981). This inﬂux of oxidative substrate is
very small and cannot account for the actual rates of
substrate anion (malate or succinate) uptake under an
intensive inﬂux of cations, which is around 100 nmol/min/
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mg prot. (Evtodienko et al., 1980; Rossi et al., 1967). Thus,
we assumed that the substrates of oxidation enter the
matrix via a dicarboxylic acid exchanger (Tyler and Sutton,
1984). The equation for the substrate inﬂux is


ðAPo þ AAo ÞðAPi þ APo Þ
dic
J dic ¼ V max APo 
;
APo þ AAo þ APi þ AAi
½P2 i

APi ¼
K dic
P þ

K dic
½A2 i
P
KA

K dic
P þ

K dic
½A2 o
P
KA

½P2 o

APo ¼

AAi ¼

;

2 
i

K A þ K AK½Pdic

þ ½A2 i

;

½A2 o
2 
o

K A þ K AK½Pdic
P

2

mental data (Petronilli et al., 1993) as
"
expððC0  DCÞ=C1 Þ; DC4C2 ;
pðDCÞ ¼
expððC0  C2 Þ=C1 Þ; DCoC2 ;
where kPTP
taken as 3.2  105 mM (Szabo et al., 1992),
m
C0 ¼ 110 mV, C1 ¼ 20 mV, C2 ¼ 70 mV, kop ¼ 2 min1,
and kcl ¼ 100 min1 (Evtodienko et al., 1980; Petronilli et
al., 1993). Fig. 2E shows that with these constants the
model describes well the experimentally observed dependence of the PTP opening rate on the membrane potential.

þ ½P2 o

½A2 i
P

AAo ¼

;
þ ½P2 i

165

þ ½A2 o

;

ð9Þ

2

where [P ]o, [P ]i, [A2]o, [A2]i, are the internal ‘‘i’’ and
external ‘‘o’’ concentrations of P2 and substrate ion (A2),
respectively. K dic
P , KA are the dissociation constants of the
transporter and P2 and A2, measured in Indiveri et al.
(1989) and Tyler and Sutton (1984) (see Table 1). The rate
of dicarboxylic acid exchange in mitochondria is comparable with the rate of the P/OH exchanger (Indiveri et al.,
1989; Ligeti et al., 1985), therefore we assumed similarity in
the maximum rates of these two processes (Table 1).
A.5. Module #5. Mitochondrial permeability transition pore
A.5.1. Regulation of the mitochondrial permeability
transition pore
PTP has been suggested to provide an important
pathway of Ca2+ release (Bernardi, 1999; Duchen, 1999).
PTP is activated by many factors, such as matrix swelling
(Holmuhamedov et al., 1999; Lemasters et al., 1999),
oxidative stress (Catisti and Vercesi, 1999; Petronilli et al.,
1993), and Ca2+-overload, which is the main activator
(Bernardi, 1999; Duchen, 1999; Hunter and Haworth,
1979). The rate of PTP activation is dependent on the
actual Ca2+ load and mitochondrial membrane potential
(DC) (Petronilli et al., 1993), and is inhibited by acidic pHin
(Szabo et al., 1992). Using an approach developed in our
paper (Selivanov et al., 1998), and experimental data
(Hunter and Haworth, 1979; Petronilli et al., 1993; Szabo
et al., 1992), the following equation, describing the opening
and closure of the PTP, we obtained
dT op
Hþ
¼ kop Ca2þ pðDCÞð1  T op Þ  kcl T op þ
;
dt
H þ kPTP
m
(10)
where Top and (1Top) are the relative numbers of ‘‘open’’
and ‘‘closed’’ pores (Selivanov et al., 1998). The dependence of the PTP opening rate on the mitochondrial
membrane potential p(DC) was estimated from experi-

A.5.2. Ion fluxes through non-specific PTP
The equation, describing ion ﬂuxes through PTP is given
as follows (Selivanov et al., 1998):


DC
 C out
F DC C in exp z FRT
 F DC
L ¼ PPTP T op z
,
(11)
RT
1  exp z RT
where Cin and Cout are the intra- and extra-mitochondrial
ion concentrations; PPTP is the ion permeability of the
pore. PPTP was estimated using experimental data (Evtodienko et al., 1980) as 30 ml/mg prot./min for anions ðPaPTP Þ
and 3 ml/mg prot./min for cations ðPcPTP Þ. The ﬂux of
neutral molecules ([CaP] and [CaA]) through PTP
follows Fick’s diffusion law (Stein, 1981):
L ¼ PnPTP ðC in  C out Þ;
where PnPTP was estimated as 100 ml/mg prot./min (Evtodienko et al., 1980).
A.5.3. Complete mathematical model of mitochondrial ion
transport
The following system of ordinary differential equations
describes the mathematical model of ion ﬂuxes across the
inner mitochondrial membrane (Fig. 1):
dðCa2þ
t Þ
¼ J uni  J CaH  LCa  k1;CaP vP2 Ca2þ
dt
þ k1;CaP v½Ca  P,
dðH þ
t Þ
¼  J H;res þ J H;leak  LH þ J POH
dt
þ J KH þ J CaH 2 þ k1;p vP  k1;p vP2 H þ ,
dðP
t Þ
¼ J POH  k1;p vP þ k1;p vP2 H þ  LP ,
dt
dðP2
t Þ
¼ J dic þ k1;p vP  k1;p vP2 H þ
dt
 k1;CaP vP2 Ca2þ
þ k1;CaP v½Ca  P  LP2 ,
dðA2
t Þ
¼ J dic  k1;CaA vA2 Ca2þ
dt
þ k1;CaA v½Ca  A  LA ,
dðK þ
t Þ
¼ J K  LK  J KH ,
dt
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dð½Ca  Pt Þ
¼  LCaP þ k1;CaP vP2 Ca2þ
dt
 k1;CaP v½Ca  P,
dð½Ca  At Þ
¼  LCaA þ k1;CaA vA2 Ca2þ
dt
 k1;CaA v½Ca  A,
dð½Ca  PLt Þ
¼ k1;CaPL vPL2 Ca2þ
dt
 k1;CaPL v½Ca  PL,
dðNADþ
t Þ
¼ J H;res =12  J NADH ,
dt

with the new variables:
Ca ¼ Ca2þ
t þ ½Ca  Pt þ ½Ca  PLt þ ½Ca  At ,
A ¼ A2
t þ ½Ca  At ,

P ¼ P2
t þ Pt þ ½Ca  Pt ,

H ¼ Hþ
t þ Pt ,
NAD ¼ NADþ
t ,

K ¼ Kþ
t .
ð12Þ

where Cat2+, Ht+, Kt+, Pt, Pt2, NADt+, At2, PLt2 are
the matrix amount of free Ca2+, H+, K+, P, P2,
NAD+, substrate A2 and membrane phospholipids PL2.
[CaP]t, [CaA]t, [CaPL]t, are the matrix content of
Ca2+ complexes with P2, substrate (A2) and PL2,
respectively. The same symbols without a subscript ‘‘t’’
represent the ion concentrations determined by dividing the
value of the matrix content by the matrix volume (v). The
entire amount of each species was kept constant.
The membrane potential is determined by all electrogenic ﬂuxes as follows [25]:
C mito

dðDCÞ
¼ ðJ H;res  J H;leak ,
dt
þ 2ðLCa  LP2  LA  J uni Þ
þ LK  J K  LP þ LH Þ,

ð13Þ

where Cmito is the electrical capacitance of the mitochondrial membrane taken as 1.45  103 nmol/mV/mg prot.
(Magnus and Keizer, 1997, 1998).
The system of differential Eq. (12) could be reduced
using the fact that the rates of Ca binding to the buffers
and dissociation of inorganic phosphate are considerably
higher then the rates of ion translocation across the
membrane (Kuznetzov, 1995). The reduced system of
differential equations is
dðCaÞ
¼ J uni  J CaH  LCa  LCaP  LCaA ,
dt
dðDCÞ
¼ ðJ H;res  J H;leak
C mito
dt
þ 2ðLCa  LP2  LA  J uni Þ
þ LK  J K  LP þ LH Þ,
dðHÞ
¼  J H;res þ J H;leak  LH þ 2J POH
dt
þ J KH þ J CaH 2  LP ,
dðPÞ
¼ J POH  J dic  LCaP  LP  LP2 ,
dt
dðAÞ
¼ J dic  LCaA  LA ,
dt
dðKÞ
¼ J K  LK  J KH ,
dt
dðNADÞ
¼ J H;res =12  J NADH ,
dt

Using the equilibrium condition for dissociation of
inorganic phosphate and Ca2+ complexes with anions we
express the concentrations of Ca2+ complexes and P2 as
½Ca  PLt ¼ PL0t Ca2þ =ðkCaPL
þ Ca2þ Þ,
d
½Ca  At ¼ A Ca2þ =ðkCaA
þ Ca2þ Þ,
d
½Ca  Pt ¼ P Ca2þ =ðkCaP
ð1 þ H þ =kPd þ Ca2þ =kCaP
ÞÞ,
d
d
P
CaP
þ
2þ
P2
Þ,
t ¼ P=ð1 þ H =kd þ Ca =kd

ð15Þ

where PLt0 is the total amount of phospholipids. The
dissociation constants for phosphate and complexes of
Ca2+ with anions (PL2, P2, A2) were taken as kPd ¼
6  105 mM (Martell, 1964); kCaPL
¼ 0:023 mM (Hansd
ford and Castro, 1982; Scarpa and Azzi, 1968), kCaA
¼
d
0
kCaP
¼
3
mM
(Martell,
1964).
PL
¼
40
nmol/mg
prot.
t
d
(Scarpa and Azzi, 1968).
Mitochondria accumulating Ca2+ and K+ ions are
characterized by an alkaline matrix (Nicholls and Akerman, 1982), therefore the term H+/kdP in the Eq. (15) for
[CaP]t can be neglected (kdP ¼ 0.06 mM), allowing to
derive and solve cubic equation for the free matrix Ca2+
concentration. We expressed the free matrix Ca2+ analytically as a function of the total matrix Ca2+, oxidative
substrates, phosphate and phospholipids:
rﬃﬃﬃﬃﬃ
  !, !
4p
p
q 3 3=2
2þ
 arc cos
cos
Ca ¼
3  b=3,
3
3
2 p
where
p ¼ b2 =3  c;

q ¼ 2b3 =27  bc=3  d;

b ¼ kCaP
þ kCaPL
þ ðPL0t þ P þ A  CaÞ=v;
d
d
d ¼ kdCaP kCaPL
Ca=v;
d
c ¼ kCaP
kCaPL
d
d
þ½PL0t kCaP
þ ðP þ AÞkCaPL
 CaðkCaP
þ kCaPL
Þ=v.
d
d
d
d

ð16Þ
The mitochondrial volume v is proportional to the
matrix content of osmotically active substances and can be
deﬁned as follows (Beavis et al., 1985):
v ¼ v0 þ ðK þ P þ A þ Ca2þ þ S 0 Þ=F ,

ð14Þ

(17)

where v0 is the osmotically inactive volume, S0 is the matrix
solute content, and F—the external osmolarity. Constants
were taken from experimental data (Beavis et al., 1985) as
S0 ¼ 87 nmol/mg prot., v0 ¼ 0.28 ml/mg prot.
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A.6. Glossary and units
The values of all variables in the system of ODEs (14),
such as matrix content of Ca2+, H+, phosphate, substrate
anion, K+, NAD+ are expressed in nmol/mg prot., while
intra- and extra-mitochondrial concentrations are expressed in mM; mitochondrial membrane potential is
expressed in mV and the rate of translocation of
participating species across the inner mitochondrial membrane is expressed in nmol/mg prot./min. These rates are:
Juni—the rate of Ca2+ ﬂux via a mitochondrial Ca2+
uniporter;
JCaH—the rate of Ca2+ and/or H+ ﬂuxes via an
electroneutral Ca/2H exchanger;
JH,res—the rate of H+ ﬂux via the respiratory chain,
supported by NADH oxidation;
JH,leak—the rate of back-ﬂow of H+ ions via ‘‘leakage’’ of
the mitochondrial membrane;
JK—the rate of K+ ﬂux via the mitochondrial K+
uniporter;
JKH—the rate of K+ and/or H+ ﬂuxes via an
electroneutral K/H exchanger;
JPOH—the rate of inorganic phosphate ﬂux via a
mitochondrial P/OH exchanger;
Jdic—the rate of P2 and A2 ﬂuxes via a mitochondrial
dicarboxylic acid exchanger;
JNADH—the rate of NADH recovery from NAD by matrix
dehydrogenases;
LCa, LCaP, LCaA, LA, LK, LP , LP2 , LH—the rates of
corresponding ion ﬂuxes via PTP.
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