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Abstract
This study analyses the effect of flow and boundary reactions on spatial propagation of waves of blood coagulation. A simple model of coagulation in plasma consisting of three differential reaction-diffusion equations
was used for numerical simulations. The vessel was
simulated as a two-dimensional channel of constant
width, and the anticoagulant influence of thrombomodulin present on the undamaged vessel wall was taken
into account. The results of the simulations showed that
this inhibition could stop the coagulation process in the
absence of flow in narrow channels. For the used mathematical model of coagulation this was the case if the
width was below 0.2 mm. In wider vessels, the process
could be stopped by the rapid blood flow. The required
flow rate increased with the increase of the damage region size. For example, in a 0.5-mm wide channel with
1-mm long damage region, the propagation of coagulation may be terminated at the flow rate of more than
20 mm/min.
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Introduction

Blood Coagulation
The complex process of coagulation involves numerous proteins and specialized blood cells, platelets. Plasma
coagulation is a cascade of enzymatic reactions (for a recent review, see [1]), ultimately catalyzing ﬁbrinogen conversion into ﬁbrin, which polymerizes to form a clot. This
can occur without platelet plug formation, and the present study is focused on the formation of these ﬁbrin
clots.
The coagulation cascade involves multiple feedback
loops, and of particular interest is the positive feedback
loop of factor XI activation by thrombin: this reaction
allows autocatalytic thrombin generation far from the
damage site and can lead to an autowave-like expansion
of the clotting process [2]. The spatial ﬁbrin clot formation in the vessel could be differentiated into three stages
[3]: (1) initiation (localized at the vascular damage site);
(2) propagation, or spatial expansion of coagulation wave
into the vessel; and (3) termination of the biochemical
reactions and clot enlargement stoppage.
The propagation stage is similar to other nonlinear
wave processes. When studying this stage, it is possible to
substitute the complex initiation process with appropriate initial conditions stimulating the autowave formation. For example, it is possible to set a sufﬁciently high
(i.e., above-threshold) concentration of thrombin, the
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principal component of coagulation system, in a thin region adjacent to the damage site. The mechanisms of the
termination stage are not completely understood. In particular, it has been suggested that blood ﬂow removing
active coagulation factors provides the localization of ﬁbrin clot in the region of vessel wall damage [4].
The process of blood coagulation has many distinctive
properties of the autowave processes [5], the most important of them being the fact that the velocity of the clotting
front propagation at the second stage is independent of
the initiation method [6]. On the other hand, the process
of clotting propagation has several properties distinguishing it from the majority of autowave phenomena. First,
due to obvious physiological reasons, this process should
be always stopped in vivo despite the presence of free
(able to clot) plasma medium. Second, this process occurs
under conditions of ﬂow. Finally, the boundaries of the
region, where coagulation occurs, are active: the damaged
vessel wall activates coagulation, while intact endothelium inhibits it via expression of thrombomodulin and
other substances.
Interaction of autowaves with ﬂows and effects of ‘active’ boundaries are phenomena of general interest, not
limited to the blood coagulation. We studied them in a
simple model of blood coagulation (three differential
equations) obtained earlier [7] as a result of modiﬁcation
and reduction of a more detailed model of the coagulation
cascade [8].
Autowaves
There are numerous processes in physics, chemistry,
and biology, which are called ‘autowave processes’ [5, 9–
11]. The most well-known ones are ﬂame and neural pulse
propagation. The former problem can be modeled mathematically using a single reaction-diffusion differential
equation:
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where t is time, x, y, and z are coordinates, and  is Laplacian. The u variable can be either temperature or concentration of a component participating in the complex
of chemical reactions [12]. The ﬁrst item in the right part
of Eq 1 describes processes occurring in each element of
the medium, while the second one describes a linear diffusion-like interaction between the elements. The theory
of neural pulse propagation is based on the model of
Hodgkin and Huxley comprising four equations [9].
For both cases, one-dimensional problems are usually
studied (then  is transformed into F2/Fx2). In addition,
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research is usually focused on steady, established regimes,
which do not depend on the ‘ﬁring’ or ‘excitation’ stage.
These regimes are qualitatively different for these two
cases: ﬂame propagation is a trigger wave of irreversible
transition; neural pulse is a localized wave of excitation,
after passing of which the medium returns to the initial
excitable state.
The steady one-dimensional waves and respective
plane waves in a two- or three-dimensional medium give
the most obvious demonstration of the autowave nature
of these processes: their amplitude, shape, and velocity
do not depend on the initial conditions. Mathematical
modeling of an excitable medium requires at least two
equations of the Eq 1 type. One of the variables describes
the excitation itself, and another describes the inhibition
of this excitation and recovery of the medium; these processes have usually different time scales. A simple and the
most well-known model of an excitable medium, that of
Fitz Hugh-Nagumo is often used [5]. The model of blood
coagulation (Eq 3) used in this work also describes an excitable medium.
There are a limited number of studies of autowaves in
moving media. We shall mention two of them. The work
[13] analyzes a model of ﬂow reactor in the form of a twodimensional channel with one irreversible reaction. The
ﬂow in the channel is parabolic so that the velocity is
maximal in the middle and is zero at the walls; the reaction is activated at the beginning of the channel. Under
inﬂuence of ﬂow, the plane front of the reaction wave
bends and ultimately moves at a constant velocity keeping this shape. Mathematical description of the problem
gives a single partial differential equation of the Eq 1 type,
which is solved to obtain trigger wave solutions. In numerical experiments using this equation, the authors observed the above course of events in a wide range of rates
in parabolic and linear ﬂows.
Plane excitation waves in a two-dimensional active
medium were studied in [14]. The medium was assumed
to be inﬁnite and to move along the x axis, and the velocity was assumed to have a constant gradient a, i.e., to follow the function V(y) = ay. The ﬂow changed the direction
and the slope of wave front (i.e., the level curves of all
variables), though the wave remained plane. The authors
show that there is a threshold value a* of ﬂow nonuniformity. At a ! a*, a plane wave can exist, being tilted to the
direction of ﬂow, while at a 1 a* the wave becomes too
‘narrow’, and the excitation disappears. Using the Fitz
Hugh-Nagumo model, they estimate the value of a* analytically and show its correlation with the results of numerical experiments. The simulations were necessarily
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performed for a ﬁnite region; the effects of boundaries
were not discussed.
The difference between these two studies should be
noted. Stationary trigger waves [13] seem to exist in the
model analyzed for all ﬂow rates. On the contrary, stationary excitation pulses do not exist at high V  (y) values.
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Propagation of autowaves in the models of blood coagulation in the absence of ﬂow has been a subject of several studies [7, 15, 16]. However, the in vivo clot formation is a process occurring in the presence of ﬂow, and the
role of ﬂow appears to be essential. An attempt to study
the effects of slow ﬂow on thrombus formation were made
[17, 18], where a phenomenological model of coagulation
was used. In the present study, we utilized a simple mathematical model containing three differential equations.
This model is a reduced form of a larger model based on
the biochemistry of blood coagulation cascade [7]. The
model is designed to describe the second, propagation
stage of blood coagulation. There is no ﬁbrin in the model, although it is possible to assume in the interpretation
of the simulations below that polymerization directly follows the thrombin wave. The model is designed to describe processes with characteristic times less than an
hour: for example, it does not contain ﬁbrinolysis reactions and thus prolonged simulations could not be physiologically interpreted.
Equations and Initial Conditions
We consider a rectangular zone on a (x, y) plane with
a width of H (0 ^ y ^ H), with the medium moving along
the x axis with a velocity of V(y). We assume a parabolic
velocity proﬁle corresponding to the laminar ﬂow of viscous incompressible ﬂuid:
V(y) = ay(1 – y/H), a 1 0,

Vmax = 1/4 aH.

(2)

To make the comparison simpler, we shall keep the
notation of ‘biochemical’ terms used in [7], adding only
a multiplier to take into account the difference in the units
of time:
¯
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Fig. 1. The shapes of the functions in the reduced model of blood
coagulation used in this study. Shown are concentration proﬁles of:
u1(x), thrombin (bold line); u2(x)/10, activated factor XI (dashed
line); u3(x)/100, activated protein C (dotted line).

Table 1. Parameters of the blood coagulation modela

K1

K2

K3

K4

K5

K6

D, mm2/min

6.85

20.0

2.36

0.087

15.0

0.04

0.0006

a

The parameters are from [7] with minor changes.

where dimensionless variables u1, u2, and u3 represent
concentrations of thrombin (IIa), activated factor XI
(XIa), and activated protein C (PCa). They are linked
with the dimensional concentrations as follows:
[IIa] = 103u1 nM, [XIa] = 0.043u2 nM,
[PCa] = 0.61u3 nM.

(4)

The dimensionless coefﬁcients Ki are combinations of
kinetic constants of the reactions and typical factor concentrations in the initial (not reduced) set of equations
[7]. 1 is characteristic time of thrombin inactivation. If
time t has dimensionality of minutes, and distance is in
millimeters, then 1 = 0.43 min, and diffusion coefﬁcients
D for these three factors are assumed to be equal to 0.0006
mm2/min. Note that a dimensionless variable t/1 was
used for the time in article [7].
The values of model parameters used for the simulations below are summarized in table 1; they are slightly
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different from those used in [7]. For these values, in the
one-dimensional model there are stable excitation pulses
with constant shape and velocity v: ui (x, t) =
i(x – vt), v 1 0. These pulses are shown in ﬁgure 1. If the
medium is motionless and the boundary conditions are
nonpermeable (uy = 0 for y = 0, H), then the same formulae result in a solution of Eq 3 in the form of plane waves
moving along the channel. For values used in ﬁgure 1, the
velocity is v = 0.045 mm/min (in agreement with the experimental data [6]), u1max = 0.76. As width Lp of this
wave we denote the distance between the level lines u1 =
0.08 (;0.1 u1max). For the selected parameters, Lp =
0.8 mm. It should be noted that physiological vessel diameters can be often smaller than Lp. For t = 0, the initial
conditions are set in the following way:
u01

u1(x, y) = within a rectangle
P = {x1 ^ x ^ x2, 0 ^ y ^ ly}, x2 – x1 = lx;
u1(x, y) = 0 outside of P, u2 = u3 = 0 everywhere.

(5)

The interval from x1 to x2 imitates the damaged region
of the vessel wall, and setting a ﬁxed thrombin concentration in P mimics the activation process of blood coagulation. The rectangle P will be called the initial excitation
region.
Vessel Wall Reactions and Active Boundary
Conditions
The ‘active’ boundary conditions describe the thrombomodulin-dependent anticoagulant reactions of the protein C pathway occurring on the intact vessel wall (see
Appendix). For the ‘damaged’ region (y = 0; x1 ! x ! x2)
standard nonpermeability conditions are used. To make
the conditions biochemically adequate, we use additional variable s, deﬁned only on the boundary, which represents surface density of thrombomodulin. For a given x
and for y = 0 or y = H, the evolution of this variable is
determined by the ordinary differential equation:
ss
 ka s < <IIa > <
st

kd

<

s0  s

(6)

where ka, kd, s0 are constants (see Appendix). Eq 6 for the
bottom boundary (y = 0) is valid outside of the ‘damaged’
region (x ! x1 or x 1 x2); for the top boundary, it is valid
for all x values. Boundary conditions result in the decrease of thrombin concentration and increase of activated protein C concentration near the intact vessel walls.
Using a dimensionless variable  = s/s0 and Eq 4, equation 6 is transformed into:
sT
 kja Tu1
st
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Table 2. Parameters of the boundary conditions in blood coagula-

tion model

1

2

k̃a

kd

500 min–1

0.25 min–1 167 mm–1

0.083 mm–1 1,017 mm–1

Boundary conditions for the set (Eq 3) at y = 0 outside
of the ‘damage site’ are:
su1
 H1 < Tu1  H 2 1  T ;
sy

su3
 H3 1  T ;
sy

su2
 0.
sy

(8a)

Within the ‘damage site’:
suk
 0 for x1 b x b x 2 ,
sy

y  0 ; k  1, 2 , 3.

(8b)

Boundary conditions for y = H are obtained from
Eq 8a upon the change of the sign in the right parts. The
coefﬁcient values used in equations 6–8 are listed in table 2 (see also Appendix).

Results

Action of Thrombomodulin in the Absence of Flow
Although it is obvious that the anticoagulant processes
on the channel wall hamper the coagulation propagation,
the manner of inhibition and its signiﬁcance for different
physiological conditions are unclear. Our simulations
suggest that thrombomodulin located on the channel wall
at physiological concentrations is able to stop thrombin
propagation in a narrow channel. For a small H and
boundary conditions (equations 6–8) the initial activation (Eq 5) disappears after some period of time and all
variables return to the equilibrium values ui = 0. Figure
2 illustrates the process of excitation for H = 0.23 mm in
the absence of ﬂow (a = 0 in Eq 2).
The excitation does not expand to the sides, because
of the inhibition by intact wall and is suppressed in 20
min near the activation region. There is a maximal channel width H*, where this scenario exists. For H 1 H*, the
excitation does not disappear, and two identical waves
moving to the left and to the right are formed. The inhibiting boundary conditions inhibit excitation near the
walls, and these waves are not ﬂat: functions ui essentially depend on y.

(7)
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t = 2, 6, 14, 16, 18 min

Fig. 3. Stationary structure in moving medium. The current is left

to right. The channel width is H = 0.5 mm, Vmax = 0.056 mm/min.
The forward front of the structure is to the left. The dark line in the
bottom shows the damaged wall length: lx = 0.5 mm.

Fig. 2. Disappearing of the excitation in a narrow channel in the
absence of ﬂow due to the action of thrombomodulin. The activation rectangle region is seen in the bottom part of the simulation
region lx ! ly = 0.8 mm ! 0.05 mm; u (0)
1 = 0.5. The simulation region size is L = 2 mm, H = 0.23 mm. The series of images show the
region at t = 2, 6, 14, 16, and 18 min (top to bottom). At t = 20 min,
the excitation disappeared.

Effects of Small Flow Rates
Let the channel width H be ﬁxed at 0.5 mm, which approximately 2-fold exceeds the critical value H*. At small
ﬂow rates, the system evolution is similar to that described above (not shown), though the shapes of these two
waves are no more identical. When the ﬂow rate becomes
comparable to the wave velocity v, almost stationary
structures are observed (ﬁg. 3). The forward front of this
structure is directed opposite to the ﬂow; the second wave
is carried away by ﬂow. The range of ﬂow rates where this
is observed depends on the size of the stimulation region.
For lx = 0.5 mm, ly = 0.05 mm, u0 = 0.5, this phenomenon
is observed in the range of 0.056 ! Vmax ! 0.17 mm/min
(1.2 !Vmax /v ! 3.7). Increase of the activation region allows these structures to exist at higher ﬂow rates.
One of the possible scenarios observed at Vmax exceeding the wave velocity v is shown in ﬁgure 4. It shows formation of a single stable wave moving along the ﬂow axis
at a velocity of 1.44 mm/min ;v + Vmax. The ﬁnal shape
of the wave depends on the ﬂow rate. In particular, its
maximal width along the x axis increases with the increase of ﬂow rate. For example, the wave width at
Vmax = 0.19 and 1.4 mm/min (Vmax/v = 3.7 and 30, respectively) is 1.3 and 6 mm, respectively.

Blood Coagulation and Autowaves in
Flow

Excitation Disappearance at High Flow Rates
The minimal ﬂow rate V* leading to the stopping of
excitation is a function of initial conditions. In particular,
if activation region width ly and activation intensity u01
are ﬁxed, then V* increases with the increase of activation
region length lx. In other words, in order for initial excitation to sustain, the activation zone should be increased
or the ﬂow rate should be decreased. This is in agreement
with the results obtained earlier [19] for an autocatalytic
system on cell membrane under ﬂow conditions. They
studied small spatial and temporal scales (approximately
by one or two orders of magnitude smaller than in this
work) and found that increase of the membrane patch size
and decrease of the ﬂow velocity help to lower the activation threshold. In contrast to our simulations, the model
[19] is spatially one-dimensional; it does not contain diffusion to the surface and there is a non-zero ﬂow velocity
at the membrane (while in a viscous medium the wall velocity is zero).
There are two principal modes of evolution of the initial excitation. The coagulation wave can either quickly
disappear, remaining in the high ﬂow gradient region or
reach the middle of the stream and remain there for a long
time. Figure 5 illustrates both these possibilities. It is simulated for H = 0.5 mm and lx = 1 mm, ly = 0.05 mm,
u0 = 0.5. At Vmax = 18 mm/min (ﬁg. 5a) the excitation
rapidly disappears after a small period of time: u1 was
below 0.01 after t 1 1.5. At Vmax = 12 mm/min the excitation existed for a long time. The excited region leaves the
activation zone and moves with ﬂow slowly expanding
and increasing u1 (ﬁg. 5b). If lx is decreased 2-fold at
Vmax = 12 mm/min, the excitation disappears as rapidly
as in ﬁgure 5a. Numerous simulations at other parameter
values (not shown) also conﬁrm the above statement: the
larger the excitation region, the higher the ﬂow rate required to suppress the excitation and localize it to the
activation zone.
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Fig. 4. Stationary waves in moving medium

(blood coagulation model). The current is
left to right. a Vmax = 0.19 mm/min, the
wavelength along the axis is 1.3 mm;
b Vmax = 1.4 mm/min, the wavelength along
the axis is 6 mm. For better presentation,
the y scale is 5-fold smaller than the x scale.

a

b

t = 0.24, 0.72, 0.96 min

t = 0.78, 1.5, 4.7 min

a
Fig. 5. The effect of ﬂow rate on the sur-

vival of thrombin autowave. The current is
left to right. The dark line in the bottom
shows the damaged wall length. The activation region: lx ! ly = 1 mm ! 0.05 mm.
a Vmax = 18.7 mm/min; b Vmax = 12.5 mm/
min. L = 10 for a, L = 20 for b. The series
of images show the simulated region at
t = 0.24, 0.72, and 0.96 min in a (a 20% bottom section of the region is shown) and at
t = 0.78, 1.5, and 4.7 min in b (top to bottom).

Concluding Remarks

We analyzed a simple blood coagulation model (three
differential equations). We were interested in the effects
of nonuniform ﬂow and active boundaries on the coagulation wave propagation in two-dimensional channels.
We used reaction schemes and kinetic parameters reported in the experimental literature and were able to obtain quantitative data: the inhibiting inﬂuence of thrombomodulin on intact vessel wall suppresses the autowave
development at channel width close to the diameters of
relatively large vessels, such as arterioles (;0.25 mm).
In contrast to trigger waves, which correspond to irreversible chemical reactions, excitation autowaves cannot exist at high gradients of ﬂow and disappear. This has
been shown [14] for plane waves and constant ﬂow rate
gradient. We observed suppression of excitation by rapid
ﬂow. Noteworthy, for a parabolic ﬂow there is a low-gradient zone near the axis of the ﬂow. Due to this, excitation
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waves can exist in narrow channels even at high ﬂow rate
gradients near the walls. Additional stabilizing effect is
produced by ‘passive’ boundary conditions (no interactions of proteins with the wall).
For a given channel, there is no general value of the
threshold ﬂow rate or near-wall gradient: the events depend on the initial conditions and boundary conditions on
vessel wall. The evolution of the initial excitation at low
ﬂow rates can be rather different. In particular, excitation
waves with constant velocity and shape can appear despite
the nonuniformity of ﬂow. This remarkable synchronization of wave processes at different ﬂow lines was ﬁrst reported for a chemical autowave described by a single equation [13, 20–22]. The moving force of this synchronization
is the diffusion interaction between parallel lines of ﬂow
having different velocities. As noted above, excitation processes can exist only if the ﬂow nonuniformity is not very
high. We do not know whether a nonsuppressed initial excitation always results in stationary waves.
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The model of blood coagulation used does not describe
ﬁbrin clot formation. An accurate quantitative description of this process requires more complex mathematical
models and is beyond the scope of this work. Additional
simulations with more complex and detailed biochemical
model are also required to estimate possible signiﬁcance
and interpretation of thrombin waves following the ﬂow
far from the damage site. It should be also noted that biochemical reactions and diffusion, if not convection, still
occur within a ﬁbrin clot. However, addition of the ﬁbrin
clot formation (which changes the ﬂow pattern) and the
cylindrical vessels into the model seem unlikely to affect
two general conclusions of this study: that clotting process
can be stopped by the inhibiting inﬂuence of intact vessel
walls and rapid ﬂow.
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Notation and Dimensionality
Let y be the distance perpendicular to the channel wall. Thrombomodulin is located at y = 0. We also denote: s is the surface density of thrombomodulin; s0 – s is the thrombin-thrombomodulin
complex surface density; s0 = const is the initial density of thrombomodulin; [IIa] is the volume concentration of thrombin; [PCa]
is the concentration of activated protein C. We shall express surface
density in nanomoles per square millimeters, the distance along the
y axis will be in millimeters, the volume concentration will be in
nanomoles per litre (nM), the time will be in minutes, and diffusion
coefﬁcients will be in square millimeters per minute.
Changes in the Model
The reaction-diffusion equations of the model do not change.
However, an additional function s, deﬁned only on the vessel wall,
appears. In addition, the boundary conditions for coagulation proteins interacting with endothelium are changed in comparison with
the nonpermeability case.
The variable s changes because of thrombin binding to thrombomodulin from plasma:
ss
 ka < s < <IIa > y  0
st

Biochemistry of Blood Coagulation Factors’ Interaction with
Endothelium
To perform computer simulations of coagulation in vessel with
thrombomodulin molecules present on intact endothelium, we use
modiﬁed boundary conditions as described in the following sections. The model takes into account the presence of thrombomodulin, the thrombin-thrombomodulin complex formation, and protein C activation by this complex. This section describes and comments the inclusion of these processes into the mathematical
model of this study.
The following assumptions were used. We assumed the vessel
wall, except for the damaged region, to be uniformly covered with
thrombomodulin at a surface density of s0 = 2 ! 10–7 nmol/mm2
(assuming 40,000 thrombomodulin molecules per endotheliocyte
[23], half of which are in contact with plasma, and estimating the
density of cells in endothelium as 6,000 cells/mm2). We assume
thrombin to bind thrombomodulin with equilibrium constant
Kd = 0.5 nM [24], the rate constants being ka = 0.5 nM–1min–1;
kd = 0.25 min–1. The resulting complex activates protein C following the Michaelis kinetics with kcat = 250 min–1, KM = 8,000 nM
[25].
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s0  s .
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Thrombin interacts with thrombomodulin resulting in the
changes of the boundary conditions at y = 0:

DIIa

s <IIa >
 106 < ka < s < <IIa >
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Activated protein C is produced by the thrombin-thrombomodulin complex:
DPCa

Appendix: Active Boundary Conditions to
Describe Interaction of Proteins with Vessel
Wall

kd

<

 [ PCa ]
= 106
y y = 0

<

kcat < [PC ] < (s 0  s )
KM + [PC ]

=

(A3)

10 < keff < (s  s ).
The mean plasma concentration of protein C is [PC] = 60 nM,
and therefore keff = 1.86 min–1. The coefﬁcients 106 in equations
A2 and A3 are a consequence of the difference in used units of
length and volume. On the left, there are diffusion currents, which
are in mm2/min ! nmol/liter/mm = 10–6 nmol/mm2/min. On the
right, there are reaction currents which are in 1/min ! (nM) !
(nmol/mm2)/(nM) = nmol/mm2/min. Thus, the unit of measure of
the quantities in the left part is 10–6 of the quantities in the right
part. Therefore, to ﬁnd numerical values of the quantities in the left
part it is necessary to multiply right parts by 106 = liter/mm3.
6

0
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